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Introduction

> Leverage generic approximators available from ML to accelerate
the solution of mixed-integer linear two-stage stochastic
programs where the second stage is highly demanding.

» Substitute the exact second-stage solutions with ML predictions.

» Numerical results focus on the problem class addressed with the
integer and continuous L-shaped cuts.

» Problems derived from stochastic server location (SSLP) and
stochastic multi knapsack (SMKP) problems available in the
literature.

» The proposed method can solve the hardest instances of SSLP in
less than 9% of the time it takes the state- of-the-art exact method,
and in the case of SMKP the same figure is 20%.

Average optimality gaps are in most cases less than 0.1%.
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Two-stage stochastic problem (P)

mir{19 cx+dz+0

st. Ax+Cz<b
Qx)—6<0
x € {0,1}"

z>0,ze Z
where the second-stage subproblem (S) is

Q(x) := E¢[min{qey : Wey > he — Tex, y € V]
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Bender's decomposition - Exact Method

Master Problem (M)

min cx + dz + 6

x,2,0

st. Ax+Cz<b
Mx — 10 < g
x €{0,1}"
z>0,ze Z

where 1 denotes a column vector of ones.

The set constraints Nx — 16 < mq is initially empty and progressively

populated with optimality cuts as a Branch-and-Benders-Cut process
advances.



L-shaped optimality cuts

Let x™ an invalid first stage solution.

(Classical...1993) Integer cuts

Q) - X x— 3 156 | +Qx) <0

i€s(x*) igS(x*)
where S(x*) := {i : x =1} and Q(x™) is the optimal value of (S) at x™
State-of-art strategy (2016) alternates integer cuts with:

Continuous L-shaped mono-cuts (2011)

Ee[pe(he—1ex) — 1] <0
where ¢¢, ¢ are the solutions to the duals (DRS) corresponding to the linear
relaxation of (M), evaluated in x*.

(DRS) qg?aé{%(h& — Tex™) = Ve + ¢peWe —the < ge, ¢ >0, e >0}

The alternating algorithm calculate the integer L-shaped cut only if the
continuous L cut fails to separate the invalid first-stage solution.



Progressive Hedging - Heuristic Method

The progressive hedging algorithm (PH)

is a practical way for splitting a large problem into smaller sub problems
and solving them iteratively, thus possibly reducing the solving time
considerably.

The idea is to aggregate the solutions of subproblems, where artificial
costs have been added. These added costs enforce that the aggregated
solutions become non-anticipative and are updated in every iteration of
the algorithm. Similar to an augmented Lagrangian Method.
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ML-L-shaped

ML-L-Shaped is a heuristic version of both the standard integer L-shaped
method and the algorithm with alternating continuous and integer
L-shaped cuts , where they replace the costly computations, that is,
solution values of (S) (Q(x)) and (RS) (Q(x)) by fast ML predictions,
and solution values of (DRS) — t¢, ¢¢, V& — by fast ML predictions of

low-dimensional reductions.



(@"(x") L)( > o > Xi—|5(X*)|) +QY(x*) <0
i€S(x*)

iZS(x*)

where S(x*) := {i: x =1} and x* an invalid first stage solution.

ie.

Ec[og" (he — Tex) — 1y < 6

Ee[pf" he] — Ee[pf" Telx — Ee[1y¢"] <
reductions:

Hence, it is not required to compute ¢}"" and 9", but only the

Ec[o¢" he], Eelog" Te] and Ee[V'y¢™]
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Algorithm 1 Benders decomposition: Main

1: procedure MAIN(isAlt, p,v)

2:
3:

11:

12:
13:
14:
15:
16:
17

18:
19:
20:
21:
22:

23: end procedure

Compute or retrieve the lower bound L for the objective value of (P).
Initialize a branch-and-cut process with a global node tree for (M). This
creates the repository of leaf nodes, say R. The latter initially contains
only the root node.

UB + oo > First-stage upper bound
(x**,2") @ > First-stage incumbent solution
if R =( then
go to 22
else
Select a node from R.
end if
Compute the current optimal solution (z*,6*) to (M) for the node at,
hand.
if (ca* 4 dz* + 6*) > UB then
Discard the node from R.
go to 6
end if
if (2%, 2*) is not integral then
Partition the domain of (z,2) in (M) or add MIP-based cuts. Ac-
cordingly add newly defined nodes to R or update existing nodes
in R.
go to 6
end if
HEURISTICCALLBACK (¢ Alt, p1, 1)
go to 6
Retrieve the final first-stage incumbent solution (z**,2**). Compute
the final overall value cz** + dz** + Q(z**).
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Algorithm 2 Benders decomposition: Heuristic callback

1:
2;
3
4
5:

procedure HEURISTICCALLBACK (isAlt, p,v)

if lis Alt then
go to 10
end if
Compute predictions > Alternating cut strategy
QME(a*), {Eelpche }MF, {EeloeTe]}ME, {Be[1've}MF

or
QM) {Eelpe] }ME, {Ee[1 v }ME.
if vQME(2*) > 6* then
Add a heuristic continuous L-shaped mono-cut (14) or (15).
return
end if
Compute prediction QM (x*). > Integer L-shaped method
if pQML(2*) < 6* then
if ca* 4 dz* 4+ 6* < UB then

UB  ca* +dz* + 0* > Update upper bound
(x**, 2*") « (2%, 2%) > Update incumbent solution
end if
else
Add a heuristic integer L-shaped cut (12).
end if

19: end procedure
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» v, u important hyper-parameters that control the likelihood that
QML(x) and QML(x) overestimate the corresponding exact values.

» isAlt controls if use or not the alternating cuts (it is not evident that
they could be useful in the ML-version).

» They consider another two-phase variants of the algorithm (where
bender's is used in a first phase to produce a feasible solution):

1.

2.

The solution is used alone to warmstart the exact standard integer
L-shaped method (or with alternating cuts).

In addition to supplying a warm-start solution, they introduce a
probabilistic lower bound on the value of the first stage objective in
the exact solution process. They obtain the probabilistic lower
bound for a given problem family by computing the empirical
distribution of exact objective values from a preliminary, independent
set of instances and calculating the 10% one-side Chebyshev lower
confidence bound.
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Target Problems

General second-stage subproblem (S) is
Qx) == Eg[myin{qu t Wey > he = Tex, y € VY]

Stochastic server location problems (SSLP) and the stochastic multi
knapsack problems (SMKP).

» In both SSLP and SMKP, z is absent, i.e., Z = and ) imposes
only binary restrictions.

» InSSLP, ge =q, We=W , Tc =T , V¢, i.e., all second-stage
coefficients are deterministic, except the right-hand sides of some
constraints.

» InSMKP, he =h, We=W , T =T , V¢, ie,, all second-stage
coefficients are deterministic, except those appearing in the
objective.

In comparison with problems in SSLP, problems in SMKP feature
considerably harder first stages and considerably easier integral second-
stage problems.



Frame Title

From SSLP they select problems SSLP(10, 50, 2000) and SSLP(15, 45,
15), where SSLP(a, b, c) features a servers, b clients and ¢ second-stage
scenarios.

|
According to the state of art these are the most difficult to solve exactly

among the problems in SSLP whose detailed statements have been made
publicly available.

The second stages of these problems are also among the most difficult to
solve in SSLP.

» Parameterized SSLP(10, 50, 2000) and SSLP(15, 45, 15): allowing the
individual deterministic capacities of the servers to vary ranging between
75 and 300 (in the original instances equal to 188 and 112).

» Parameterized SMKP(29) and SMKP(30): allowing the coefficients of the
deterministic technology matrix T and the deterministic right-hand side
values h appearing in the coupling constraints to vary, whereas the
recourse matrix W remains fixed.



Two additional families: SSLPF(15, 45, 150) and SSLPF(15, 80, 15) to assess
the effects of moderate increases in the complexity of second stage on the
relative performances.

First-stage problem as that of SSLPF(15, 45, 15).

» SSLPF(15, 45, 150) shares the same recourse matrix W with SSLPF(15,
45, 15) but features 150 instead of 15 scenarios in its second stage

» SSLPF(15, 80, 15) shares the same 15 scenarios with SSLPF(15, 45, 15)
but features 80 clients instead of 15. In SSLPF(15, 80, 15), the
coefficients of the new recourse matrix W are generated according to the
same distribution for generating those of SSLP(15, 45, 15).

But they consider also another additional family:
» SSLPF-indx(10, 50, 2000). Same problem statements as those of
SSLPF(10, 50, 2000), but instead of calculating the solution as an

expectation over all second-stage scenarios, they calculate it for a single
randomly selected scenario.



The second-stage problems are simulated by pseudo-randomly sampling
individual server capacities from independent discrete uniform distributions with
support [75, 300] and by pseudo-randomly sampling from independent discrete
uniform distributions the values of the binary coupling variables shared by the
first and second stages.

|
Then, the corresponding optimal solution of second stage is computed exactly.

Each such (problem statement, problem solution) pair constitutes a supervised
example available to ML.

» Problems in SSLPF(10, 50, 2000) are summarized by vectors in N*° (10
integral servers capacities + 10 coupling binaries),

» Problems in SSLPF(15, 45, 15), SSLPF(15, 45, 150) and SSLPF(15, 80,
15) are summarized by vectors in in N30 (15 integral servers capacities +
15 coupling binaries)

» Problems in SMKPF(29) and SMKPF(30) can be stated compactly with a

vector in R® since each problem is fully described by the real vector
h+ Tx of dimension 5 x 1.
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Dataset:
» 1M of instance for each problem-type (2 datasets for each SMPF).
» partitioned according to proportions 64%, 16%, 20% between
training, validation and test sets.
» Different dataset for each problem, but also different architectures.

» The non-binary inputs of the predictors for the SSLP families are
rescaled in [0, 1] (for the SMKP families rescaling is unnecessary).

Learning Task

Minimize L; error over the training set with stochastic mini-batch
gradient descent equipped with Adam learning rate adaptation and
mini-batch size equal to 128. Weighting inversely proportional to the
sample averages of the output values measured on the training set is
applied to the individual L; errors of the networks outputting multiple
values when calculating the training and validation errors.



Networks details

» Networks outputting a single value QML(x) (SSLP and SMKP
families) are equipped with 10 hidden layers of 800 units each.

» Networks outputting multiple values (SMKP families) are equipped
with 15 hidden layers of 1000 units each.

» All units except those in last hidden and output layers are fitted with
rectified linear activations. Units in last hidden and output layers are
fitted with linear activations.



Description and Performance of ML predictors.

Problem family IP/LP | Input | # Hid. units/ Output | Abs. rel.
H H length | layers | hid. layer | length | error |%] {
SSLPF(10,50,2000) P 20 10 800 i 0.87
SSLPF-indx(10,50,2000) IP 20 10 800 1 5.31
SSLPF(15,45,15) IP 30 10 800 1 0.23
SSLPF(15,45,150) IP 30 10 800 1 0.12
SSLPF(15,80,15) 1P 30 10 800 1 0.40
SMKPF(29) IP 5 10 800 1 0.071
SMKPF(29) LP 5 15 1000 7 6.64
SMKPF(30) 1P 5 10 800 1 0.072
SMKPF (30) P 5 15 1000 7 7AL

IP, LP: output is solution of integral or relaxed 2nd stage problem.
Abs. rel. error: average absolute relative prediction error made on ML test set.

The test set is same for SSLPF-indx(10,50,2000) and SSLPF(10,50,2000).

Table 1: Performance of ML predictors
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Computing times

AL MIL-Shaped MIL-Shaped/Ali-L ratio
Problem family Quantiles Quantiles Quantiles

005 05 095 05 05 095 | Avgl|l 005 05 095 Avg
SSLPE(10,50,2000) 3163 150.73  186.01 052 001 250 | 003 031% 0.43% L19% | 051%
(0.08) (0.03%)
SSLPF-indx(10,50,2000) || 13163  150.73  186.04 046 060 230 | 085 031% 042% 142% | 052%
(0.08) (0.03%)
SSLPF(15,45,15) 4.28 5.00 712 0.37 043 0.60 045 || 7.55% 8.68% 9.99% 867%
(0.01) (0.07%)
SSLPF(15,45,150) 2796 3116 13.03 030 053 049 | 055 || 132% 151% 213% | 151%
(0.01) (0.03%)
SSLPF(15,80,15) 3620 4721 130.70 232 322 1390 | 412 | 360% 6.61% 1454% | 730%
(0.29) )

SMKPF(29) 151.82 742.89 196.73 2802 109.12 51091 17455 [[ 487% 16.51% 51.22%
(18.05) (1.47%)
SMKPF(30) 21251 1450.19 678580 3701 10131 03581 | 32082 || 3.66% 15.70% 57.38% | 19.31%
(55.97) (1.46%)

Standard error of cstimate is reported between parentheses.

Table 2: Computing times (seconds)

|
ML-Std-L :
» achieves computing times far smaller than those required by Alt-L.

» becomes more advantageous as the complexity of the second-stage
problems increases.




First-stage values and Optimality GAPs

AL ML-L-Skaped Optimality gap
Problem family Quantiles Quantiles Quantiles

0.05 05 095 0.05 0.5

SSLPF(10,50,2000) BITIT 33307 0.000% 0.000%
SSLPF-indx(10,50,2000) || -353.85 -317.14 31892 -330.00 -315.25 0.000% 2.078% 7850% | 2.609%
(0.242%)
SSLPF(15,45,15) 31320 30874 20662 31320 -308.67 20648 0.000% 0.000% 0.608% | 0.064%
(0.019%)
SSLPF(15,45,150) 3116 30642 20474 B4I5 -306.27 28151 0.000% 0.000% 1021% | 1943%
(0.66) (3.61) (L150%)
SSLPF(15,80,15) EETETY EYRD) 61467 -584d2 0.000% 0.000% 0538% | 0.075%
(0.018%)
SMKPF (29) 85 92 81785 857025 0.000% 0.000% 0.050% | 0.009%
(27.60) (0.002%)
SMKPF (30) 8255.21 870053 010083 | 875133 || 5228.21 879053 016416 0.000% 0.000% 0027% | 0.005%
(28.18) (0.001%)

Standard error of estimate is reported between parentheses.

Table 3: First-stage values and optimality gaps

» The performance of ML-Std-L in regard to the values achieved for
the objective of first stage is excellent.

» SSLPF-indx(10, 50, 2000)) provides evidence in favor of implicit
second-stage predictors when generating second-stage data based on
all scenarios is highly time-consuming




Al
Quantiles

Problem family

MI-L-Shaped

ML-L-Shaped /AL 12
Quanti

o

SSLPF(10,50,2000) 5HIE 02 G2IEI02 TIGE 02 T2E02 || 6112% 0850% 7200
(3.39E+00)

SSTPF-indx(10,50,2000) || 551802 G2IE 102 7.IGE 102 | G20 02 | 3298702 13202 51E102 | L2TE02 | 56.09% GSO7% T833%
(4.96E-00) (1.92E-+00)

SSLPF(15,45,15) TR2E 03 2056103 26iE103 | 2.13E-03 | 1336103 L5SE03 203103 | LG2E GS82% To.20% S252%
(2.62501) (2.30E 101)

SSLPF(15,45,150) TSIE-03 2056703 279703 | 2. TIGE 103 TGIE-03 2006703 | L59E+03 || 01287 7452% S2.02%
(288E-01) (3:33E+01)

SSLPF(15,80,15) TR 01 L@E0 1738101 | Lid 550ET03 0.70E03 LIET0T | T29E+03 | 10.05% I5.12% SLOI%
(22051 02)

SMKPF(29) T20E 06 60IEI 06 3126107 | 9596 06 | 2215105 S21E:05 391606 | LB (06 | L4T% 15424 19.92%
(9.15E-05) (1.43E+05)

(€ LTIEZ06 TITE+07 LATE-07 | L59E-0T || 2726705 15IE-06 7396106 | 251E+06 || 8.65% 1453% 50.20%
(L49E06) (3.90E05)

Standard error of estimate is reported between parentheses.

Table 4: Number of first-stage nodes

|
Excludes simplification of the first-stage problems as the main source of
reduction in computing times between Alt-L and ML-Std-L.
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Tables 5 and 6 report the numbers of integral and relaxed second-stage
problems and the total times spent in the latter.

AL ML Shaped ML Shaped/ Al ratio
Problem family Quantiles Quantiles Quantiles
005 05 095 Ave | 005 0.5 0.95 ‘ Avg 0.05 05 0.95 Avg
Number of problems
SSLPF(10,50,2000) 00 G500 8290 6673 || 3SL00 41700 45505 | 4197 SU00% 0ABN%  T601% | 60.07%
(0.88) (273) (7.14%)
SSLPF-indx(10,50,2000) 00 6500 8290 | 6673 | 32710 40200 46700 | AOLLG || A75.10% 62L40%  T33ST% | 60S.65%
(0.88) (3.98) (8.06%)
| SSLPF(15,45,15) 5200 6300 7995 |  6L06 | 1075.05 124350 160155 | 128988 | 1563.60% 1973.50% 27A9.83% | 2052.07%
(0.96) (7.59) (38.41%)
SSLPF(15,45,150) 5705 7000 8600 | 7020 | 100625 1259.00 55285 | 126655 || 1280.20% I70L57%  2556.04% | 1825.12%
(084 (2491) (42.47%
| SSLPF(15,80,15) FI0 7200 8995 | 7026 | 4952.95 G052.00 13922.15 | GOALSI || G587.86% Sh0L23% ISIISG7% | O875.65%
(148) (221.40) 62.85%)
SMKPF (29) 300 6L00 17765 |  Tr02| 1300 2000 3300 | 2051 13.09%  B8L23%  0200% | 33.00%
(4.47) ©79) (151%)
MKPF (30) W5 TL00 23865 | 9965 | LD 2450 4290 | 2066 ||  9.18% 3155 769" 35.05%
(8.58) (1.76) (2.10%)
Total time spent
SSLPF(10,50,2000) T6130.20 3670100 G385 | R26.11[ 660505 62200 70955 | G32R2 | L0%  L7T% PRz TG0
(2867.43) (6:44) (0.04%)
" SSLPF-indx(10,50,2000) || 2613920 3670100 G335 | 12250.11 | 53025 GA350 77235 | GITA2 || L09%  L7% T30 T
(2867.43) (7.89) (0.01%)
SSLPF(15,15,15) 20950 51150 L4375 | 633.63 | 1006.10 1845.50 226575 | I8TO.I3 || THL05%  35732%  GSA00% | 3710.39%
(31.56) (21.33) (16.43%)
SSLPF(15,45,150) D010 355100 738075 | AWTIT | 1539.75 189150  2339.00 | 188655 || ZTST% A4S ST20% | 5192%
(166.85) (33.91) (1.82%)
SSLPF(15,80,15) 219265 976500 SI305.40 | 20130.97 || 4S52.90 5509.50 10086.90 | 592183 [ 876% 5708 205.05% 1%
(2999.29) 39
SMKPF (29) 32320 139050 1393055 | 324750 1305 2000 5470
(183.22)
MKPF (30) 36710 196450 1243240 | 463348 | 13.00 2700 6295
(1269.85)

Standard error of estimate i reportod between parentheses.

Table 5: Integral second-stage problems




AL MLLShaped MLL-Shaped/Al-L ratio
Problem family Quantiles Quantiles Quantiles
005 05 095 Avg || 005 05 09| Avgl| 005 05 095 Avg
Number of problems
SSLPF(10,50,2000) 36100 40600 460.95 000 000 0.00] 000 [0.00% 000% 0.00% | 0.00%
(0.00) (0.00%)
SSLPF-indx(10,50,2000) 36400 40600 460.95 000 000 000 000 0.00% 000% 0.00% | 0.00%
(0.00) (0.00%)
SSLPF(15,45,15) 933.15 1047.50 1347.20 0.000.00 0.00 0.00 [ 0.00% 0.00%  0.00% 00%
(0.00) (0.00%)
SSLPE(15,45,150) 92070 1080.00  1392.25 000 000 0.00| 000 | 0:00% 000% 000% | 0.00%
(0.00) (0.00%)
SSLPF(15,80,15) 543245 623400 771150 000 000  0.00| 000 000% 0.00% 000% | 0.00%
(0.00) (0.00%)
SMKPF(29) 5515 T0S50  530.20 1700 2400 4855 | 2921 || S.11% 2288% BL11% | 27.95%
(3.60) (4.17%)
SMKPF(30) 55.05 12000 420.80 TS00 2900  48.00 | 3462 || 6.65% 2056% 59.62% | 25.59%
(16.52) (4.78) (1.64%)
Total time spent (milli
SSLPF(10,50,2000) 501539.05 06707100 749049.35 | 601969.61 || 0.00 0.00  0.00 | 0.00 || 0.00% 0.00%  0.00%
(5065.41) (0.00)
SSLPF-indx(10,50,2000) || 591539.95 667071.00 74904935 | 66496061 || 0.00 0.00  0.00 |  0.00 || 0.00% 0.00%  0.00%
(5065.41) (0.00)
SSLPF(15,45,15) 22277.30  25686.50 244.55 [ 2681672 || 0.00  0.00 0.00 0.00 [[ 0.00%  0.00%  0.00%
(480.28) (0.00)
SSLPF(15,45,150) T2335.25 17272150 223728.10 | 17704635 | 000 0.00  0.00 | 000 || 0.00% 000% 0.00%
2736.33) (0.00)
SSLPF(15,80,15) T80620.90 20932400 250452.65 | 210419.66 | 000 0.00  0.00 | 0.00 || 0.00% 000%  0.00%
(2140.48) (0.00)
SMKPF(29) 10435 23850 89425 | 31721 [ 4L00 7450 2813 | 103.47 || 9.78% BL65% 7L10% | 42.08%
(24.37) (16.11) (7.65%)
MKPF(30) 236.10 50 1947.50 | 783.28 || 45.05 78.50 38155 | IA7.17 || 4.30% 14.03% 5L11% | 20.38%
(78.32) (35.82) (2.30%)

Standard error of estimate is reported between parentheses.

Table 6: Relaxed second-stage problems

DA
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ML-L-Shaped outputs a feasible, approximate solution that is used as a
warm-start incumbent first-stage solution in Alt-L.

AL Two-phase and bound (Two-phase and bound) /AIt-L ratio
Problem family Quantiles Quantiles Quantiles
0.05 0.5 0.95 Avg 0.05 0.5 0.95 Avg 0.05 0.5 0.95 Avg
With warm start only
SSLPF(10,50,2000) 13163 15073 186.04 | 156.06 || 113.54 127.05 143.25 | 127.81 || 7207% S4.36% 9193% | 82.85%
(2.89) (117) 0.67%)
SSLPF-indx(10,50,2000 13163 150.73  186.04 156.06 || 125.57 14174 162.68 14203 | 7988%  92.63% 102.30% | 92.02%
(2.89) (1.43) (0.82%)
SSLPF(15,45,15) 4.28 5.00 712 5.25 4.40 5.04 6.38 537 || 86.52% 100.64% 109.28 101.13%
(0.11) (023) (1:31%)
SSLPF(15,45,150) 2796 3416 43.93 | 3496 || 8214 3846 5046 | 38.78 || 99.40% 11L.71% 12048% | 111.22%
(0.57) (0.62) (0.84%)
SSLPF(15,80,15) 36.20 4724 130.70 58.55 13.12 52.88 76.42 4896 || 27.05%  98.83% 142.27% | 94.48%
(3.15) (2.49) (6.07%)
With warm start and i bound
SSLPF(10,50,2000) 13163 15073 186.01 | 156.06 [ 99.27 11297 130.71 GO.70%  T49T%  83.93% | T3.67%
(2.89)
SSLPF-indx(10,50,2000) || 131.63 15073 186.04 | 156.06 || 107.51 12531 15039 GT78%  8250%  95.12%
(2.89)
SSLPF(15,45,15) 428 5.00 712 5.25 3.52 4.02 5.31 T282% 81.24%  88.53%
(0.11)
SSLPF(15,45,150) 2706 3416 4393 | 3106 | 2046 2082 4130 T850%  S6.12%  95.08%
(0.57)
SSLPF(15,80,15) 3620 4724 13070 | 5855 || 1357 3056 5599 1879%  63.75% 11451%
(3.15)
SMKPF(29) T51.82 74289 3996.73 | 1233.74 | 167.95 $59.10 418403 T4.83%  159.15%
(123.09) (
SMKPF(30) 21250 145919 678580 | 213251 || 25140 162359 714188 15.25%  15257% | 115.85%
(254.70) (1.85%)

Standard error of estimate is reported between parentheses.

Table 7: Total computing times with warm start from

(seconds)

approximate solution




Heuristics Comparison

ML-L-Shaped (From Table 3) PH algorithm
Problem family Quantiles Quantiles
0.05 0.5 095 Avg 0.05 0.5 0.95 Avg
SSLPF(10,50,2000) || 0.000 0.000 0.036 0.006 || 0.003 0.036 0.345 0.078
(0.003) (0.011)
SSLPF(15,45,15) 0.000 0.000 0.608 0.064 || 0.001 0.001 0.024 0.005
(0.019) (0.001)
SSLPF(15,45,150) 0.000  0.000 1.021 1.943 || 0.000 0.033 0.163 0.053
(1.150) (0.006)
SSLPF(15,80,15) 0.000  0.000 0.538 0.075 [| 0.000 0.021  0.205 0.119
(0.018) (0.052)
SMKPF(29) 0.000  0.000  0.050 0.009 [| 0.085 0.211  0.396 0.223
(0.002) (0.009)
SMKPF(30) 0.000  0.000 0.027 0.005 || 0.098 0.216 0.384 0.224
(0.001) (0.008)

Standard error of estimate is reported between parentheses.

Table 8: Comparison of optimality gaps (percentage) between PH and ML-L-

Shaped
ML-L-Shaped (from Table 2) PH algorithm PH/ML-L-Shaped ratio
Problem family Quantiles Quantiles Quantiles
0.05 0.5 0.95 Avg 0.05 0.5 0.95 Avg 0.05 0.5 0.95
SSLPF(10,50,2000) 0.52 0.64 2.59 0.93 [[ 156.43 18170 505.67 [ 225.44 [[ 13120% 28174% 49685%
(0.08) (12.29)
SSLPF(15,45,15) 0.37 0.43 0.60 0.45 17.17 19.56 44.05 24.80 3416% A4759% 7559%
(0.01) (2.26)
SSLPF(15,45,150) 0.39 0.53 0.79 0.55 27.72 3131 55.98 36.69 3956% 6570% 10548%
(0.01) (2.08)
SSLPF(15,80,15) 2.32 3.22 13.90 4.12 19.54  29.20 188.65 48.88 464% 948%  5376%
(0.29) (4.59)
SMKPF(29) 28.02 109.12 51091 | 174.55 1758 2027 26.80 21.17 3.81% 18.94% 68.63% 25.01%
(18.05) (0.33) (2.77%)
SMKPF(30) 3791 194.34 935.81 329.82 17.84 20.18 30.12 2249 2.34% 11.08% 57.12% 16.99%
(55.97) (1.00) (1.89%)

Standard error of estimate is reported between parentheses.
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