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Context

Mixed Integer Linear Programs (MILPs) (Wolsey, 2021) have two main strengths that make them
ubiquitous in combinatorial optimization (Korte & Vygen, 2012). First, they can model many com-
binatorial optimization problems. Second, extremely efficient solvers can now handle MILPs with
millions of constraints and variables. They therefore have a wide variety of applications in logistics,
telecommunications and beyond. MILP algorithms are exact: they return an optimal solution, or an
optimality gap between the returned solution and an optimal one.

MILPs are sometimes hard to solve due to a collection of difficult constraints. Typically, a small
number of constraints link together otherwise independent subproblems. For instance, in vehicle
routing problems (Golden et al., 2008), there is one independent problem for each vehicle, except
for the linking constraints that ensure that exactly one vehicle operates each task of interest. La-
grangian relaxation approaches (Beasley, 1993; Lemaréchal, 2001b) are popular in such settings as
they allow to unlink the different subproblems. Unfortunately, this relaxation is often solved by
iterative methods that require thousands of iterations to recalibrate costs by computing penalties
known as Lagrange Multipliers (LMs), to penalise constraint violations while giving a tight bound
of the original constrained problem.

Recently (Demelas et al., 2024) introduced a deep learning approach that bypasses the descent,
effectively amortizing per instance optimization. A probabilistic encoder based on a graph neu-
ral network computes, given a MILP instance and its Continuous Relaxation (CR) solution, high-
dimensional representations of relaxed constraints, which are turned into LMs by a decoder. The
training parametrises the encoder and the decoder jointly by directly optimizing the bound obtained
from the predicted multipliers. Their method is applicable to any problem with a compact MILP
formulation, and to any Lagrangian Relaxation providing a tighter bound than CR. Experiments, on
two standard problems from the MILP literature, showed that the approach closes up to 85% of the
gap between the continuous relaxation and the best Lagrangian bound, and provides a high-quality
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warm-start for descent-based Lagrangian methods. The predicted Lagrangian multipliers may also
be used to stabilize a column generation (Kraul et al., 2023; Shen et al., 2024; Sugishita et al., 2024).
We propose to experimentally evaluate the gain provided by our prediction on different stabilization
methods.

Still, this method is usually unable to cover the whole gap. For this project, we propose to embed
the method defined by (Demelas et al., 2024) into the diffusion framework (Ho et al., 2020), in an
unsupervised fashion (Sanokowski et al., 2024).

Research Proposal

This proposal is divided into two parts.

Firstly, an experimental comparison will be conducted to compare different stabilization methods:
the in-out method (Pessoa et al., 2013), the bundle method (Lemaréchal, 2001a), the box-step method
(Du Merle et al., 1999) and the stabilization introduced in (Shen et al., 2024). All these methods
will be parametrized by our predicted Lagrangian multipliers. Experiments will be conducted
on different problems like the generalized assignment, the fixed charge network design and the
multiple knapsack problem.

Secondly, the model of (Demelas et al., 2024) takes as input a representation of the instance to be
solved, and candidates Lagrangian multipliers given by the solution of the continuous relaxation of
the original problem, and outputs the optimal Lagrangian multipliers (LMs). In other words, we
can see this framework as a denoiser that, for each instance, returns clean LMs from noisy ones.

From this observation, it is not too hard to derive a diffusion model. Besides the denoiser, or
diffusion backward process, that has been discussed above, one has to define the diffusion forward
process, that given clean LMs corrupts them to obtain LMs distributed around the CR solution. In
this setting, training can be performed following various methods ranging from plain diffusion, to
score-based functions (Song et al., 2021), to flow matching (Lipman et al., 2024). However, these
settings must be adapted to the unsupervised case: optimal LMs are not unique and are difficult
to collect, hence our choice of unsupervised learning, with a distant learning signal (which can be
seen as a reward) given by the relaxed cost of the prediction, see (Sanokowski et al., 2024).

This part consists of 2 steps:

1. Define the training loss and the inference steps to embed the method of (Demelas et al., 2024)
in a diffusion model;

2. Define a neural architecture to implement the diffusion process. We plan to follow the Dif-
fusion Transformer of (Peebles & Xie, 2023), and adapt it to the graph structure of MILPs
(Cappart et al., 2021).

Application

Candidates are expected to have a Master level with a strong background in Machine Learning.
Candidates are not required to be knowledgeable in Combinatorial Optimization but a background
in this topic will be appreciated.

This is a 5 month position to apply please send an email with a CV, a cover letter and a transcript.
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