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Initialisation
000

Watermelon configurations

m Let G = (V, E) be an undirected
connected graph with neither loops .%Jk

nor multiple edges.

u Ik = {ily-"7ik} and Jk = {.jla'-'a.jk}
are two non-intersecting subsets. AA
k
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Initialisation
000

Watermelon configurations

m Let G = (V, E) be an undirected
connected graph with neither loops o & Uk
nor multiple edges. -1

m le={i,... i} and Je = {1, ..., jk}
are two non-intersecting subsets.

i

m Watermelon is a configuration of
k disjoint loopless paths from [, to Jy.
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Initialisation

(o] e}

Spanning forests

m Let G* = (V*, E*), where e 0
V* = VU {x} and x is a sink.

m Choose I and J.

I Ji

*
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Initialisation

(o] e}

Spanning forests

m Let G* = (V*, E*), where e N

V* = V U {x} and x is a sink. 1 LI CI_I_‘

m Choose I, and Jy.

m Take a (k 4 1)-connected span-
ning forest with roots /x U {*}.

m Consider a uniform measure on —eo }A_._. ? O—e

the set of all spanning forests. A8 /
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Initialisation

(o] e}

Spanning forests

m Let G* = (V*, E*), where e N
V* = V U {x} and x is a sink. 1 LI CI

m Choose I, and J. . IJ—II

m Take a (k 4 1)-connected span- 1 1107
ning forest with roots /x U {*}. 3 ]I 4{

m Consider a uniform measure on —e A}A—-—-—o l O—

the set of all spanning forests. A8 /

*

= Question.
What is the probability to have a watermelon configuration?
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Initialisation
ooe

Main question

m Let /x and J, be separated by distance r.

m Main question. What is the asymptotical behavior of
[P(watermelon configuration) for r — oo?
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Loop-erased random walk (LERW)

m AC Vis a set of vertices,

m X, is a simple random walk A
starting at Xp = x,

m 7 =min{n >0:¢&, € A} is a stop-
ping time (hitting time for the set A), X

m vy = (Xo, X1,...,X:,) is a path
corresponding to X,,.

Loop-erased random walk is a path
LERW(x,A) = (Yo, ---,¥m) = (Xngs - - - s Xnp),
where ng =0, niy1 = max{j: v(j) =v(n;)} + 1.
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LERW
000

Wilson algorithm for generating uniform spanning tree
Take any vertex vy € V.
Define Uy = {w}.

Take any vertex vi € V' \ Up.

B Consider LERW (vi,Up) and
define Uy = LERW (v1,Up).

@ Take any vertex v, € V' \ Uy_1.
Define U = LERW(V;(,Z/[;(,l) UU_1.

B At the end, we obtain a spanning tree.

Vo

If [Uo| > 1, then we will get a spanning forest.
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Define Uy = {w}.

Take any vertex vi € V' \ Up.

A Consider LERW (vi,Up) and
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- Ve
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LERW
000

Wilson algorithm for generating uniform spanning tree
Take any vertex vy € V.
Define Lo — {vo}. 1
Take any vertex vi € V' \ Up. s
A Consider LERW (vi,Up) and *

define U; = LERW(Vl,uO). | - l 1
H ... ~—s
[@ Take any vertex vy € V \ Uy_1. ._,__I_I_I_I:,I_,

Define U = LERW(Vk,kal) UUk_1.

B At the end, we obtain a spanning tree.

If [Up| > 1, then we will get a spanning forest.
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LERW
felel )

LERW and watermelons

i J1
2 J2
ik . Jk

Every k-leg watermelon can be considered as k loop-erased random
walks from J, to /.
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LERW
felel )

LERW and watermelons

i J1
2 J2
i . Jk

Every k-leg watermelon can be considered as k loop-erased random
walks from J, to /.

Khaydar Nurligareev (joint with A. Povolotsky)

Non-local Correlation Functions in the Spanning Tree Model near the Boundary



Results
0000

CFT predictions

m In the bulk, Duplantier and Saleur (1987) predicted

bulk _ k21
2

with the help of the Coulomb gas approach.

m For the half-plane, Duplantier and Saleur (1986) predicted

VP = k(k —1).
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Results
0000

Watermelons in the bulk

Let

Jk

m G be a square lattice (bulk case),

m k be odd,

m /, and J, have the form of fence. Ji

Theorem (lvashkevich, Hu, 2005;

Gorsky, Nechaev, Poghosyan, Priezzhev, 2013)

u k2 —1
F(r)y~C- ", where vPUk = —
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Watermelons on the half-plane, open boundary

m G is a square lattice on the half-plane,

m /, and J, have the form of
segments located near the .
boundary, I ?

m absorbing boundary conditions.

P(watermelon configuration) ~ C . p~k(k+1),

[T, (s!)?
CoP = ﬁ, pl(x) is a polynomial of degree k.
() - k!

Khaydar Nurligareev (joint with A. Povolotsky)

Non-local Correlation Functions in the Spanning Tree Model near the Boundary



Watermelons on the half-plane, closed boundary

m G is a square lattice on the half-plane,

m /, and Ji have the form of
segments located near the
boundary,

Iy Ji
m reflecting boundary conditions.

(k1)

IP(watermelon configuration) ~ C°' .
Ccl —_ Hi(;% (5!)2
pi(m) - (k—1)!"
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Anisotropic case
€000

Predictions for stretched watermelons

For the anisotropic case, we have the universality
class of the vicious walkers model.

m In the bulk, Fisher (1984) predicted

buk| _ K

5

m For the half-plane, depending on boundary conditions,
Guttmann, Owczarek, and Viennot (1998) predicted

1
voPll — g (k + 2) for absorbing boundary conditions,

1
vl = k <k - 2) for reflecting boundary conditions.
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Anisotropic case
0000

Elongated watermelons in the bulk

m G is an elongated square lattice, ;
k
m /, and Ji have the form of fence.
m k is odd,
m)=¢c.
Ik
Theorem (Gorsky, Nechaev, Poghosyan, Priezzhev, 2013)
If e — 1/4, then
, ulk, k?
P(watermelon configuration) ~ cr™" “, where 12Ukl = =
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Anisotropic case
0000

Elongated watermelons on the half-plane, open boundary

m G is a horizontally elongated square lattice on the half-plane,
m /i and Ji are segments located near the boundary,

m absorbing boundary conditions.

P J

Ife — 1/4, then

P(watermelon configuration) ~ C° rk(k+3),
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Anisotropic case
0000

Elongated watermelons on the half-plane, closed boundary

m G is a horizontally elongated square lattice on the half-plane,
m /[ and Ji have are segments located near the boundary,

m reflecting boundary conditions.

I Jk

Ife — 1/4, then

PP(watermelon configuration) ~ C°' - rk(k=3).
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Ideas of proof
[ Jelele]
Matrix Tree Theorem

m G =(V,E) is a finite connected (directed) graph without
loops and multiple edges.

m G = (V* E*), where V* = V U {x}, % is a sink.
m Discrete Laplacian is the matrix A = (Aj)ijev,
degi, if i=;
Aj=14 =1, ifi#j, ijeV
0, ifi#j ¢V

Theorem (Kirchhoff, 1848)

#{spanning trees of G* rooted to x} = det A.
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Ideas of proof
0000

All Minors Matrix Tree Theorem

m/={i,....i}, J={j,.- s dkfand R=A{n,...,rp} are
three disjoint subsets of V/,

B po = ijp(1)| - - - likio(ky|ril - - - |ral* is partial pairing, o € S,

m Z[p,] is the number of spanning forests on G* such that

m each component is rooted to / U R U {x},
B i and jo(m) are in the same component.

Theorem (Chen, 1976)
Let A be invertible, G = A=, Then

det A-det Gjof = > (~1)7Z[po].
€Sk
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Ideas of proof
0080

Watermelon probability and Green functions

Ik
det G I
det G,’k
k

P(watermelon configuration) =

m G — Green function

] Gjli and le are matrices k X k

cos xasin y1 3sin y» 3
d d
/ a/ h 2 —(cosa+cosfB)

X yl,)’2)

s U

G(Cx/- ):i/da/dﬂ cosxacos (y1 — 1/2)Bcos (y2 — 1/2)3 —
VLY 2 2 — (cos « + cos 3)
0 0
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Ideas of proof
0000

Thank you for the attentionl
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