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Graphs and tournaments
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Graphs

Let g, be the number of labeled graphs with n vertices.
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Probability of a graph to be connected

Question. What is the probability p, of a random graph with
n vertices to be connected as n — o0?

Theorem (Monteil, N., 2019): as n — oo, for every r > 1
r—1 k(k+1)/2 r
. n 2 n
m=1-3 0 (3) S o (5).
k=1
where ji counts irreducible labeled tournaments of size k,

(i) = 1,0,2, 24, 544, 22320, 1677488, . . .
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Graphs and tournaments
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Tournaments

A tournament is a complete directed graph.
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The number of labeled tournaments with n vertices is equal to
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Irreducible tournaments

A tournament is called irreducible V =1{1,2,3,4,56}
(or strongly connected tournament),

if for every partition of vertices V =AU B
there exist an edge from A to B and
A there exist an edge from B to A.
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Irreducible tournaments

A tournament is called irreducible V =1{1,2,3,4,56}

(or strongly connected tournament),

3 2

if for every partition of vertices V = AU B I
there exist an edge from A to B and

A there exist an edge from B to A. 4 1

Equivalently, for each two vertices v and v
there is a path from v to v and

A there is a path from v to u.
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Graphs and tournaments
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Probability of a tournament to be irreducible

Question. What is the probability g, of a random tournament with
n vertices to be irreducible as n — o0?

Theorem (Monteil, N., 2019): as n — oo, for every r > 1

r—1 k(k+1)/2 r
n 2
Qn:]-_E hk'<k)'2 +O(2n,),
k=1

where (he) = 2,—2,4,32,848,38032, . ..

It turns out that (hx) = 2ix — i,Ez), where i,gz) is the number of
tournaments that have exactly 2 irreducible components.
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Species of Structures
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Definition of species of structures

A species of structures is a rule F which
m produces, for a finite set U, a finite set F[U];
m produces, for a bijection o: U — V/, a transport function

Flo]: F[U] = F[V]

such that
mifo: U— Vand 7: V — W are bijections, then

Flroo] = F[r] o Flo];
m if Idy: U — U is the identity map, then
Flldy] = IdFpy)-

An element s € F[U] is called an F-structure on U.
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Species of Structures
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Species of graphs
The species G of all simple graphs:
G[U] = {g | g c PPIU},

where P is the collection of unordered pairs of elements of U.

Transport:
{1,2,3,4} 5 {a,b,c,d}
o(1) = a 4 3 d C
c(2)=»b Glo]
oc(3)=c E—
o(4)=d 1 ” R ’b
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Species of Structures
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Species of sets and species of linear orders

The species E of sets:
E[U] = {U}.
Transport: if o: U — V is a bijection, then

wy 2% vy
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Species of Structures
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Species of sets and species of linear orders

The species E of sets:
E[U] ={U}.
Transport: if o: U — V is a bijection, then
{uy = (v,
The species L of linear orders:
L[U] = {sequences of elements of U}.

Transport: if
{1,2,3,4} & {a,b,c,d}

is a bijection (o(1) = a, 0(2) = b, 0(3) = ¢, 0(4) = d), then

(3,2,4,1) 2% (¢, b,d, 2).
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Enumeration of species and operations

Let F be a spicies of structures.

m f, = |F[n]| is the number of structures on the set {1,...,n};
o0 n
B F(x)= > f,,X—| is the exponential generating series.
n=1 T
Examples.
[e%e] n Xn
m Species of graphs: Gg(x)= >, 2(2)—|.
n=1 n
m Species of sets: E(x) = e~
1
m Species of linear orders: L(x) = 1
— X
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Species of Structures
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Enumeration of species and operations

Let F be a spicies of structures.

m f, = |F[n]| is the number of structures on the set {1,...,n};

[e'e) X"
m F(x)= Zl fnﬁ is the exponential generating series.
n= .

Operations.
= Addition: (F1+ F2)(x) = Fi(x) + Fa(x).
m Multiplication: (F1- F2)(x) = Fi(x) - Fa(x).
m Composition: (F1o R2)(x) = Fi(Fa(x)), if F2[0] = 0.
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Species of Structures
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Notion of connected components

m A species F possesses a notion of connected components, if
F = E(F°).

m F€ is the species of connected F-structures.

Example. G = E(G°).

6 .2
1 /3
4 5
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Virtual species

m Spe is the semi-ring of species of structures.

m A virtual species is an element of the ring
Virt = (Spe x Spe)/ ~
where
(F,G)~(H,K) <— F+K~G+H
m (F,G) is a representative of
F — G = class of (F, G) according to ~

Analogy. Z=NxN/ ~
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Virtual species applications

m If a species of structures F satisfies F(0) = 1, then there
exists a virtual species of structures F-1

Fie Loy Ry
F A
k=0
such that F~1. F =1 (here, F, = F —1).

m For any species of structures F, there exists a virtual species
of structures ' (virtual connected components) such that

F=E(N).
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Asymptotics for connected F-structures

Theorem (Monteil, N., 2021+)
Let F = E(FC) If f, #0 forall n€ N and thereis r > 1 s.t.

() nt and m)§:<>ﬂnk-wxﬂﬂr%

then, as n — oo,

fnc_ nk fnfr
pa=12 1*2/7,( () ; +o< fn>,

where hy are the counting coefficients for

H=1-=.
F
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Asymptotics for sequences

Theorem (Monteil, N., 2021+)
LetF:L( ). If f,#0 forall n€ N and thereis r > 1 s.t.

(i) n- =7 L0  and (if) Z( )fk n—k = O(n"for),

Then, as n — oo,

n n—k r fnfr
?‘“ch <>+O( fn>’

where ci are the counting coefficients for

C =2H — H>.
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Definition of the Erdos-Rényi model

Fix pe(0,1), g=1—p.

Consider a random labeled graph G = G(n, p):
m n is the number of vertices;
m p is the probability of edge presence;
m g =1 — pis the probability of edge absence;

m all the edges are taken independently.

Example. If n =4 and G is a square, then

P(G) = pq*.
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Erdos-Rényi model G(n, p)
(o] lele]ele]e]

Asymptotics for G(n, p)

Question. What is the probability p, of a random graph G(n, p) to
be connected as n — o0?

m Gilbert, 1959: pn=1—ng" 1+ O(n2q3n/2)
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Erdos-Rényi model G(n, p)
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Asymptotics for G(n, p)

Question. What is the probability p, of a random graph G(n, p) to
be connected as n — o0?

m Gilbert, 1959: pn=1—ng" 1+ O(n2q3n/2)
m Monteil, N., 2020:
r—1 nk

where he(q) € Z[q™1] and deg hi(q) = (12‘)
m(q) =1, h(q)=q' =2, hs(q)=q°—6q"+6,
Question. What is the meaning of hx(q)?
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Graph weight

Given a graph G, let
m |V(G)| be the set of vertices of G;
m |E(G)| be the set of edges of G.

E@)g()-1E@I (5)
p+q (p+1)(2)

P(G) = plE@)g(3)-IE@) — P

Weight of the graph G: W(G) = (g
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Representation of hi(q)

+(g ' —1)°
1=(qg'-1)°
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Representation of hi(q)

+(gt—1)° +(gt-1)! —(g71—1)°
= (g '-1)° gl'-2=(q¢t-1)'—(¢'-1)°
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Representation of hi(q)

+(gt—1)° +(gt-1)! —(g71—1)°
= (g '-1)° gl'-2=(q¢t-1)'—(¢'-1)°
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Asymptotics for G(n, p), continued

Theorem (Monteil, N., 2020+)

a) The probability p, of a random graph G(n, p) to be connected,
asn— oo, is

r—1 %
n q rnr
pn=1- th(q)- (k) " gk(k+1)/2 +0(n"q™),
k=1

where he(q) = > (—1)#CC(G)_1 W(G)
G: [V(G)|=k

and #CC(G) is the number of connected components of G.
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Asymptotics for G(n, p), continued

Theorem (Monteil, N., 2020+)

b) The probability p( ™) of a random graph G(n,p) to have
exactly (m + 1) connected components, as n — oo, is

r—1 ( ) n an
m+1 m+1 r.nr
=LA@ (3) e + O
k=1
where K" V(@)= 3 (C)FCAOFCOD) w(6)

and #CC(G) is the number of connected components of G.
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Many thanks to all listeners

Thank you for your attention!

Khaydar Nurligareev (with Thierry Monteil)

Asymptotic probability of connected labeled objects and virtual species



Erdos-Rényi model G(n, p)
O00000e

Literature |

¥ F. Bergeron, G. Labelle, P. Leroux P.
Combinatorial species and tree-like structures.
Cambridge: Cambridge University Press (1998).

[ Bender E.A.
An asymptotic expansion for some coefficients of some formal
power series
Journal of the London Mathematical Society, 9 (1975),
pp. 451-458.

3 Gilbert E.N.
Random graphs
Annals of Mathematical Statistics, Volume 30, Number 4
(1959), pp. 1141-1144.

Khaydar Nurligareev (with Thierry Monteil)

Asymptotic probability of connected labeled objects and virtual species



Erdos-Rényi model G(n, p)
O00000e

Literature Il

[§ Wright E.M.
Asymptotic relations between enumerative functions in graph
theory
Proceedings of the London Mathematical Society, Volume
s3-20, Issue 3 (April 1970), pp. 558-572.

@ Wright E.M.
The Number of Irreducible Tournaments
Glasgow Mathematical Journal, Volume 11, Issue 2 (July
1970), pp. 97-101.

Khaydar Nurligareev (with Thierry Monteil)

Asymptotic probability of connected labeled objects and virtual species



	Graphs and tournaments
	Species of Structures
	Theorems
	Erdös-Rényi model G(n,p)

